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CRITICISMS AND DISCUSSIONS. 



THE FRANKLIN SQUARES AND OTHER MATHEMAT- 
ICAL DIVERSIONS. 

The July number of The Monist contained an article by C. A. 
Browne, of New Orleans, on "Magic Squares and Pythagorean 
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Numbers," in which he referred to Benjamin Franklin's interest in 
the subject. Upon inquiry I found in The Life and Times of Ben- 
jamin Franklin, by James Parton, (Vol. I, pp. 255-257), a brief 
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account of two magic squares, one 8X8, the other 16X16, both of 

which are here reproduced. 

Mr. Parton explains the 8X8 square as follows: 

"This square, as explained by its contriver, contains astonishing 
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"properties: every straight row (horizontal or vertical) added to- 
gether makes 260, and each half row half 260. The bent row of 
"eight numbers ascending and descending diagonally, viz., from 16 
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"ascending to 10, and from 23 descending to 17, and every one of 
"its parallel bent rows of eight numbers, makes 260. Also, the bent 
"row from 52 descending to 54, and from 43 ascending to 45, and 
"every one of its parallel bent rows of eight numbers, makes 260. 
"Also, the bent row from 45 to 43, descending to the left, and from 
"23 to 17, descending to the right, and every one of its parallel bent 
"rows of eight numbers, makes 260. Also, the bent row from 52 
"to 54, descending to the right, and from 10 to 16, descending to 
"the left, and every one of its parallel bent rows of eight numbers, 
"makes 260. Also, the parallel bent rows next to the above-men- 
tioned, which are shortened to three numbers ascending and three 
"descending, etc., as from 53 to 4 ascending and from 29 to 44 
"descending, make, with the two corner numbers, 260. Also, the two 
"numbers, 14, 61, ascending, and 36, 19, descending, with the lower 
"four numbers situated like them, viz., 50, 1, descending, and 32, 47, 
"ascending, makes 260. And, lastly, the four corner numbers, with 
"the four middle numbers, make 260. 

"But even these are not all the properties of this marvelous 
"square. Its contriver declared that it has 'five other curious ones/ 
"which he does not explain; but which the ingenious reader may 
"discover if he can." 

These remarkable characteristics which Mr. Parton enumerates 
are illustrated graphically in the accompanying diagrams in which the 
relative position of the cells containing the numbers which make up 
the number 260, is indicated by the relation of the small hollow 
squares. 

Franklin's 16X16 square is constructed upon the same principle 
as the smaller, and Mr. Parton continues: 

"Nor was this the most wonderful of Franklin's magical 
"squares. He made one of sixteen cells in each row, which besides 
"possessing the properties of the squares given above (the amount, 
"however added, being always 2056), had also this most remark- 
"able peculiarity : a square hole being cut in a piece of paper of such 
"a size as to take in and show through it just sixteen of the little 
"squares, when laid on the greater square, the sum of sixteen num- 
"bers, so appearing through the hole, wherever it was placed on the 
"greater square, should likewise make 2056." 

The additional peculiarity which Mr. Parton notes of the 16X 
16 square is no more remarkable than the corresponding fact which 
is true of the smaller square, that the sum of the numbers in any 
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Second Step. 

COMPLETED SCHEME OF SIMPLE 

ALTERNATION. 



1 


16 


17 


32 


33 


48 


49 


64 


63 


50 


47 


34 


31 


18 


15 


2 


3 


14 


19 


30 


35 


46 


51 


62 


61 


52 


45 


36 


29 


20 


13 


4 


5 


12 


21 


28 


37 


44 


53 


60 


59 


54 


43 


38 


27 


22 


11 


6 


7 


10 


23 


26 


39 


42 


55 


58 


57 


56 


41 


40 


25 


24 


9 


8 



Third step. 
8X8 MAGIC SQUARE CONSTRUCTED BY SIMPLE ALTERNATION. 
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2X2 combination of its cells yields 130. The properties of the 
larger square are also graphically represented here. 

Franklin's squares were not known to me when I wrote my 
comments in the January number of The Monist; but at the first 
glance it became obvious that they belong to the same class as the 
Jaina square quoted by Professor David Eugene Smith (see Monist 
for January, 1906, p. 134), and that the clue to their construction 
must be sought in the same way. 

We write down the numbers in numerical order and call the 
cells after the precedent of the chess-board, with two sets of symbols, 
letters and numbers. We call this "the plan of construction." 

Before we construct the general scheme of Franklin's square 
we will build up another magic square, a little less complex in prin- 
ciple, which will be preparatory work for more complicated squares. 
We will simply intermix the ordinary series of numbers according 
to a definite rule alternately reversing the letters so that the odd 
rows are in alphabetical order and the even ones reversed. In order 
to distribute the numbers in a regular fashion so that no combina- 
tion of letter and number would occur twice, we start with 1 in the 
upper left-hand corner and pass consecutively downwards, alter- 
nating between the first and second cells in the successive rows, 
thence ascending by the same method of simple alternation from 1 
in the lower left-hand corner. We have now the key to a scheme 
for the distribution of numbers in an 8X8 magic square. It is the 
first step in the construction of the Franklin 8X8 magic square, and 
we call it "the key to the scheme of simple alternation.' ' 

It goes without saying that the effect would be the same if we 
begin in the same way in the right-hand corners, — only we must 
beware of a distribution that would occasion repetitions. 

To complete the scheme we have to repeat the letters, alternately 
inverting their order row after row, and the first two given figures 
must be repeated throughout every row, as they are started. The 
top and bottom rows will read i,8;i,8;i,8;i, 8. The second 
row from the top and also from the bottom will be 7, 2 ; 7, 2 ; 7, 2 ; 
7, 2. The third row from the top and bottom will be 3, 6; 3, 6; 
3, 6; 3, 6; and the two center rows 5, 4; 5, 4; 5. 4; 5, 4. In 
every line the sum of two consecutive figures yields 9. This is the 
second step, yielding the completed scheme of simple alternation. 

The square is now produced by substituting for the letter and 
figure combinations, the corresponding figures according to the con- 
secutive arrangement in the plan of construction. 
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Trying the results we find that all horizontal rows sum up to 
260, while the vertical rows are alternately 260 — 4, and 260 + 4. 
The diagonal from the upper right to the lower left corner yields 
a sum of 260+3 2 , while the other diagonal from the left upper 
corner descending to the right lower corner makes 260 — 32. The 
upper halves of the two diagonals yield 260, and also the sum of 
the lower halves, and the sum total of both diagonals is accordingly 
520 or 2X260. The sum of the two left-hand half diagonals re- 
sults in 260 — 16, and the sum of the two half diagonals to the 
right-hand side makes 260+16. The sum of the four central cells 
plus the four extreme corner cells yields also 260. 

Considering the fact that the figures 1 to 8 of our scheme run 
up and down in alternate succession, we naturally have an arrange- 
ment of figures in which sets of two belong together. This binate 
peculiarity is evidenced in the result just stated, that the rows yield 
sums which are the same with an alternate addition and subtraction 
of an equal amount. So we have a symmetry which is astonishing 
and might be deemed magical, if it were not a matter of intrinsic 
necessity. 

We represent these peculiarities in the adjoined diagrams which, 
however, by no means exhaust all the possibilities. 

We must bear in mind that these magic squares are to be re- 
garded as continuous; that is to say, they are as if their opposite 
sides in either direction passed over into one another as if they 
were joined both ways in the shape of a cylinder. In other words 
when we cross the boundary of the square on the right hand, the first 
row of cells outside to the right has to be regarded as identical 
with the first row of cells on the left; and in the same way the 
uppermost or first horizontal row of cells corresponds to the first 
row of cells below the bottom row. This remarkable property of 
the square will bring out some additional peculiarities which mathe- 
maticians may easily derive according to general principles; espe- 
cially what was stated of the sum of the lower and upper half- 
diagonal of any bent series of cells running staircase fashion either 
upward or downward to the center, and hence proceeding in the 
opposite way to the other side. 

The magic square constructed according to the method of sim- 
ple alternation of figures is not, however, the square of Benjamin 
Franklin, but we can easily transform the former into the latter 
by slight modifications. 

We notice that in certain features the sum total of the bent 
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diagonals represents regularities which counterbalance one another 
on the right- and the left-hand side. In order to offset these results 
we have to shift the figures of our scheme. 

We take the diagram which forms the key to the scheme of our 
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PROPERTIES OF l6Xl6 SQUARE BY SIMPLE ALTERNATION. 
(Continued from preceding page.) 



distribution by simple alternation, and cutting it in the middle, turn 
the lower half upside down, giving the first two rows as seen in 
the diagram in which the heavy lines indicate the cutting. Cutting 
then the upper half in two (i. e., in binate sections), and transposing 
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Second Step. 
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Third Step. 
SQUARE CONSTRUCTED BY ALTERNA- 
TION WITH BINATE TRANSPOSITION 
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KEY TO THE SCHEME OF ALTERNATION 

POSITION. 
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the second quarter to the bottom, we have the key to the entire ar- 
rangement of figures; in which the alternation starts as in the 
scheme for simple alternation but skips the four center rows passing 
from 2 in the second cell of the second row to 3 in the first cell of 
the seventh, and from 4 in the second cell of the eighth passing to 
5 in the first cell, and thence upwards in similar alternation, again 
passing over the four central rows to the second and ending with 8 
in the second cell of the first row. Then the same alternation is pro- 
duced in the four center rows. It is obvious that this can not start 
in the first cell as that would duplicate the first row, so we start with 
1 in the second cell passing down uninterruptedly to 4 and ascending 
as before from 5 to 8. 

A closer examination will show that the rows are binate, which 
means in sets of two. The four inner numbers, 3, 4, 5, 6 and the 
two outer sets of two numbers each, 1, 2 and 7, 8, are brought to- 
gether thus imparting to the whole square a binate character. 

We are now provided with a key to build up a magic square 
after the pattern of Franklin. We have simply to complete it in 
the same way as our last square repeating the letters with their 
order alternately reversed as before, and repeating the figures in 
each line. 

When we insert their figure values we have a square which is 
not the same as Franklin's, but possesses in principle the same 
qualities. 

To make our 8X8 square of binate transposition into the 
Franklin square we must first take its obverse square ; that is to 
say, we preserve exactly the same order but holding the paper 
with the figures toward the light we read them off from the obverse 
side, and then take the mirror picture of the result, holding the 
mirror on either horizontal side. So far we have still our square 
with the peculiarities of our scheme, but which lacks one of the 
incidental characteristics of Franklin's square. We must notice 
that he makes four cells in both horizontal and vertical directions 
sum up to 130 which property is necessarily limited only to two 
sets of four cells in each row. If we write down the sum of 1+2+ 
3+4+5+6+7+8=2X18, we will find that the middle set 3+4+ 
5+6 is equal to the rest consisting of the sum of two extremes, 
1+4, and 7+8. In this way we cut out in our scheme of symbols, the 
rows represented by the letters C, D, E, F in either order and ac- 
cordingly we can shift either of the two first or two last vertical 
rows to the other side. Franklin did the former, thus beginning 
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his square with G 4 in the left upper corner. We have indicated 
this division by heavier lines in both schemes. 

The greater square of Franklin, which is 16X16, is made after 
the same fashion, and the adjoined diagrams will sufficiently ex- 
plain its construction. 

We do not know the method employed by Franklin; we pos- 
sess only the result, but it is not probable that he derived his square 
according to the scheme employed here. 

Our 16X16 square is not exactly the same as the square of 
Franklin, but it belongs to the same class. Our method gives the 
key to the construction, and it is understood that the system here 
represented will allow us to construct many more squares by simply 
pushing the square beyond its limits into the opposite row which 
by this move has to be transferred. 

There is the same relation between Franklin's 16X16 square 
and our square constructed by alternation with quaternate trans- 
position, that exists between the corresponding 8X8 squares. 

* * * 

Mr. C. A. Browne, Jr. furnishes another interesting square of 
27X27 representing in addition to its arithmetical qualities com- 
monly possessed by magic squares some ulterior significance of our 
calendar system referring to the days of the month as well as the 
days of the year and cycles of years. It is wonderful, and at first 
sight mystifying, to observe how the course of nature reflects even 
to intricate details the intrinsic harmony of mathematical relations; 
and yet when we consider that nature and pure thought are simply 
the result of conditions first laid down and then consistently carried 
out in definite functions of a distinct and stable character, we will 
no longer be puzzled but understand why science is possible, why 
man's reason contains the clue to many problems of nature and, 
generally speaking, why reason with all its wealth of a priori 
thoughts can develop at all in a world that at first sight seems to be 
a mere chaos of particular facts. The purely formal relations of 
mathematics, materially considered mere nonentities, constitute the 
bond of union which encompasses the universe, stars as well as 
motes, the motions of the Milky Way not less than the minute com- 
binations of chemical atoms, and also the construction of pure 
thought in man's mind. 

Mr. Browne's square is of great interest to Greek scholars be- 
cause it throws light on an obscure passage in Plato's Republic, re- 
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f erring to a magic square the center of which is 365, the number of 
days in a year. 

The construction of Mr. Browne's square is based upon the 
simplest square of odd numbers which is 3X3. But it becomes 
somewhat complicated by being extended to three in the third power 
which is 2J. Odd magic squares are, as we remember, built up 
by a progression in staircase fashion, but since those numbers 
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THE MAGIC SQUARE OF MR. C. A. BROWNE. 

that fall outside the square have to be transferred to their cor- 
responding places inside, the first and last staircases are changed 
into the knight's move of the chessboard, and only the middle one 
retains its original staircase form. We must construct the square 
so that the central figure, which in a 3X3 square is 5, must always 
fall in the central cell. Accordingly, we must start the square 
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beginning with figure 1 outside of the square in any middle cell 
immediately bordering upon it, which gives four starting-points 
from which we may either proceed from the right or the left, either 
upwards or downwards which yields eight possibilities of the 3X3 
square. For the construction of his 27X27 square, Mr. Browne 
might have taken any of these eight possibilities as his pattern. 
He selected the one starting on the top of the square and moving 
toward the right, and thus he always follows the peculiar arrange- 
ment of this particular square. It is the fourth in our adjoined dia- 
grams of the 3X3 squares. Any one who will take the trouble to 
trace the regular succession of Mr. Browne's square will find that it 
is a constant repetition of the knight's move, the staircase move 
3 7 1 1 
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THE EIGHT POSSIBLE ARRANGEMENTS OF THE 3X3 MAGIC SQUARE. 

and again a knight's move on a small scale of 3X3 which is repeated 
on a larger scale 9X9, thus leading to the wonderful regularity 
which, according to Mr. Browne's interpretation of Plato, astonished 
the sages of ancient Greece. 

Any one who discovers at random some magic square with its 
immanent harmony of numbers, is naturally impressed by its ap- 
parent occult power, and so it happens that they were deemed super- 
natural and have been called "magic." They seem to be the product 
of some secret intelligence and to contain a message of ulterior 
meaning. But if we have the key to their regularity we know that 
the harmony that pervades them is necessary and intrinsic. 

Nor is the regularity limited to magic squares. There are 
other number combinations which exhibit surprising qualities, and 
I will here select a few striking cases. 
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If we write down all the nine figures in ascending and descend- 
ing order we have a number which is equal to the square of a num- 
ber consisting of the figure 9 repeated 9 times, divided by the sum 
of an ascending and descending series of all the figures thus : 

-co* 999999999X999999999 

12345678987654321 = i+2+3+4+5+6+7+8+9+8+7+6+5+4+3+2+i' 

The secret of this mysterious coincidence is that 11 Xi 1=121; 
111X111=12321; 1111X1111=1234321, etc., and a sum of an 
ascending or a descending series which starts with 1 is always 
equal to the square of its highest number. 1+2+1=2X2; 1+2+ 
3+4+3+2+1=4X4, etc., which we will illustrate by one more 
instance of the same kind, as follows: 

1234567654321=- 7777777X7777777 



-2 + 3+4+5+6+7+6+5+4+3+2+1' 
There are more instances of numerical regularities. 
All numbers consisting of six equal figures are divisible by 7, 

and also, as a matter of course, by 3 and 11, as indicated in the 

following list: 

111111:7=15873 
222222:7=31746 

333333 : 7=476i9 
444444:7=63492 

555555:7=79365 
666666 : 7=95238 

777777 '• 7 =I 1 x 1 1 1 
888888:7=126984 
999999:7=142857 

Finally we will offer two more strange coincidences of a lusus 
numerorum. 

0X9+1=1 

1X9+2=11 

12X9+3=! " 

123X9+4=1111 

1234X9+5=11111 

12345X9+6=111111 

123456X9+7=! linn 

1234567X9+8=1 1 1 1 1 1 1 1 

12345678X9+9=1 1 1 1 1 1 1 1 1 

123456789X9+ 10=1 iiiiiiiii. 
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1X8+1=9 

12X8+2=98 

123X8+3=987 

1234X8+4=9876 

12345X8+5=98765 

123456X8+6=987654 

1234567X8+7=9876543 
12345678X8+8=98765432 

123456789X8+9=987654321. 

No wonder that such strange regularities impress the human 
mind. A man who knows only the externality of these results will 
naturally be inclined toward occultism. The world of numbers as 
much as the actual universe is full of regularities which can be 
reduced to definite rules and laws giving us a key that will unlock 
their mysteries and enable us to predict certain results under defi- 
nite conditions. Here is the key to the significance of the a priori. 

Mathematics is a purely mental construction, but its compo- 
sition is not arbitrary. On the contrary it is tracing the results of 
our own doings and taking the consequences of the conditions we 
have created. Though the scope of our imagination with all its 
possibilities be infinite, the results of our construction are definitely 
determined as soon as we have laid their foundation, and the actual 
world is simply one realization of the infinite potentialities of being. 
Its regularities can be unraveled as surely as the harmonic relations 
of a magic square. 

Facts are just as much determined as our thoughts, and if we 
can but gain a clue to their formation we can solve the problem of 
their nature, and are enabled to predict their occurrence and some- 
times even to adapt them to our own needs and purposes. 

A study of magic squares may have no practical application, 
but an acquaintance with them will certainly prove useful, if it 
were merely to gain an insight into the fabric of regularities of any 
kind. 

Editor. 



